Abstract. Control charts are popular tounderols for process monitoring and are mainly classi ed into memory and memory-less structures. Exponentially Weighted Moving Average control charts (EWMA) are widely used for the detection of small shifts in process parameters. The traditional design structures of these types of charts rely on the stringent assumption of normality. In practice, quality characteristics generally do not follow normality; hence, alternative charting structures are needed. Nonparametric control chart is one such alternative that do not depend on the mentioned distributional assumption(s). This study deals with nonparametric EWMA charts for an e cient detection of smaller shifts in location. We have investigated asymptotic, time-varying, and Fast Initial Response (FIR) based time varying control limits for nonparametric EWMA charts. We have considered two variants of FIR with time varying limits for nonparametric EWMA structure. A variety of run length properties have been investigated for performance evaluations. It is observed that FIR-based nonparametric EWMA charts with time-varying limits are quite sensitive to detecting smaller shifts, and they o er attractive run length properties. A real-life example is also provided to illustrate the application of the time-varying and FIR-based nonparametric EWMA control charts.
Introduction
Process monitoring is an essential activity for the improvement of product and service quality. All the processes experience variations in their outputs, and quality is a ected by them. These variations are mainly classi ed into two types: natural and unnatural. The natural variations are inherent parts of any process, and these are not harmful to the process. The unnatural variations deteriorate the process quality and lead us, generally, to unusual patterns in the process behavior. We may live with the natural variations in a process, while the unnatural variations need timely detection and corrective actions. Control charts are very popular tools used in the monitoring of manufacturing and non-manufacturing processes. We are generally concerned with the stability of the parameters of the quality characteristic(s) of interest such as location and dispersion. There are two main types of control charts, namely memory-less (Shewhart) and memory (Exponentially Weighted Moving Average control charts (EWMA) and cumulative sum (CUSUM)). The Shewhart type charts are meant for larger shifts, while EWMA and CUSUM type charts deal with the smaller shifts ( [1] [2] [3] ). Under the ideal conditions, we assume normality of the quality characteristic(s) of interest for the traditional design structures of di erent types of control charts. In practice, normality assumption is quite stringent, and we may not be able to ful ll it for many variables of interest in di erent processes. This necessitates the use of some alternative procedures that do not depend on this hard to meet assumption of normality.
Nonparametric control charts are designed for the reason mentioned above, where we are free from the distributional assumptions. An inappropriate use of parametric control charts, instead of nonparametric charts, may lead us to unfavorable outcomes in the form of detection ability and high false alarm rates. Therefore, in the absence of strict distributional assumptions, it is always better to use the nonparametric control charts. We may nd a variety of literature including some recent contributions in the direction of nonparametric control charts such as [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] , among many others.
In the direction of nonparametric memory-less charts, we may nd di erent proposals in the form of nonparametric EWMA (NPEWMA) and nonparametric CUSUM (NPCUSUM) control charts. Li et al. [15] used Man-Whitney statistics and suggested NPEWMA and NPCUSUM charts. Zou and Tsung [16] proposed a multivariate EWMA control chart using the weighted version of the sign statistic. Graham et al. [17] proposed NPEWMA sign chart for monitoring process location using individual observations. Yang et al. [18] proposed two NPEWMA control charts, namely the nonparametric EWMA sign and the nonparametric Arcsine EWMA sign charts, for quick detection of shifts from process target using the well-known sign statistic. They [18] used the asymptotic control limits due to the ease of computation for NPEWMA charts. This makes the NPEWMA chart insensitive to startup quality problems. When the process is initially outof-control, it is important to detect the sources of these out-of-control conditions as early as possible so that corrective actions may be taken at an early stage. The time-varying structure of the limits helps resolve this issue. Moreover, the sensitivity of timevarying NPEWMA chart can be increased further at process startup using Fast Initial Response (FIR) feature. This study investigates the performance of NPEWMA charts using asymptotic, time-varying, and two variants of FIR based control limits. For the said purposes, we used the nonparametric Arcsine EWMA sign chart proposed by Yang et al. [18] . We will refer to this asymptotic control limits-based chart as NPAS chart for the rest of this study. The time-varying structure will be referred to by TNPAS using timevarying feature given in [19] . We will also consider two FIR-based control structures, namely FNPAS chart using FIR feature of [20] and IFNPAS chart using FIR feature of [21] . The rest of the study is organized as follows. Section 2 introduces the structure of the NPAS chart and further presents the designs of TNPAS, FNPAS, and IFNPAS charts. Section 3 evaluates run length characteristics of di erent charting structures under study and provides a comparative analysis. Section 4 provides an application example for illustration purposes. Section 5 gives a summary and the concluding remarks of the study.
Design structures of NPEWMA control charts
This section provides the structure of NPAS chart and further extends its design by using time-varying and fast initial response features in the form of three charts, namely TNPAS, FNPAS, and IFNPAS charts. Before de ning these structures, we rst provide description of some necessary terms and symbols below. Let X 1 ; X 2 ; :::; X n be a random sample of size n drawn from a process with as its location parameter. Let us de ne a transformed variable Y as Y i = X i . Suppose that p is a probability measure de ned as p = Pr(Y i > 0) which takes an in-control value of p 0 and otherwise out-of-control. It is to be mentioned that we will be monitoring the location parameter by assessing the stability of p with reference to its incontrol value p 0 . Let I be an indicator variable de ned as I = 1 if Y i > 0 and zero otherwise. Based on this indicator variable, we have M = P n i=1 I i ; where M follows binomial distribution with parameters n and p 0 (cf. [18] ).
Using the above-de ned variable M, the arcsine transformation and the approximate distribution are provided as (cf. [18] ):
The EWMA statistic for Z is de ned as: W t = Z t + (1 )W t 1 , where is the smoothing constant (0 < 1) and W 0 = sin 1 p p 0 .
Based on the EWMA statistic W t , Yang et al. [18] introduced a nonparametric EWMA control chart (we named it as the NPAS chart). The control limits (Upper Control Limit (UCL) and Lower Control Limit (LCL)) for NPAS chart are given as (cf. [18] ):
where L represents the control limits multiplier that depends on n and . It is to be mentioned that the Central Line (CL) is de ned as CL = sin 1 p p 0 for NPAS charts (and all the other charts under discussion in this study). The statistic W t is used as plotting TNPAS chart
FNPAS chart
IFNPAS chart
Box I statistics against these control limits in the form of UCL, LCL, and CL. We intend to extend here the design structure of NPAS chart using time-varying and fast initial response features. The time-varying structure will be referred to by TNPAS, while FNPAS and IFNPAS further add the usual and an improved FIR features, respectively, in rest of this study. Previous studies showed that the use of time-varying control limits, as compared to asymptotic limits, signi cantly improves the out-of-control run length behavior of the NPEWMA control chart. A further increase in the sensitivity of NPEWMA chart to detect shifts in process target can be achieved by an FIR feature. The FIR feature, introduced by Lucas and Crosier [22] for CUSUM charts, detects outof-control signals more quickly at process startup by assigning some non-zero constant to the starting values of CUSUM chart statistics. Lucas and Saccucci [23] proposed the idea of applying the FIR feature to EWMA control structures by two one-sided EWMA charts. Rhoads et al. [24] used the FIR approach for time-varying control limits and showed superior performance of their proposed scheme compared to the [23] FIR Scheme. Both of these schemes were criticized as they required the use of two EWMA charts instead of one for monitoring changes in process parameters. Steiner [20] presented another FIR scheme for EWMA charts that is based on further narrowing the time-varying control limits by an exponentially decreasing FIR adjustment. Furthermore, Haq et al. [21] suggested an improvement over the FIR scheme of [20] . The description of the three said charts is given in Box I, where a is known as the adjustment parameter and is chosen such that the FIR adjustment has very little e ect after a speci ed time period (say at t = 20, we have FIR adj = 0:99. To obtain a substantial bene t from FIR feature, f should be fairly small. In this study, we used f = 0:5 and limited the e ect of FIR adjustment till t = 20 following [20, 25] .
It is to be noted that the design structures of TNPAS and FNPAS charts given in Eqs. (2) and (3), respectively, may be linked with each other by a mathematical relationship. For example, if we consider the UCLs of the two structures, we may observe the following relationship:
We may also replace
with L u to get:
In addition to the above relationship given in Eqs. (5) and (6), one may also observe the asymptotic relationship of the design structures of IFNPAS charts (given in Eq. (4), respectively) with the design structure of other charts.
Performance evaluation and comparisons
In this section, the control charts under study are compared with each other in terms of di erent measures in- where is the amount of shift in the process mean y . The EQL is a weighted average ARL over the whole process shift domain min < < max using the square of shift ( 2 ) as a weight. It is to be mentioned that a chart with minimum EQL value is considered to be an optimum chart. The measure RARL describes the overall e ectiveness of a particular chart relative to the optimum chart, where ARL( ) and ARL opt ( ) are the average run lengths of the particular and optimum charts at , respectively. The RARL = 1 may be observed for optimum chart, while RARL > 1 is for other charts which shows that the particular chart exhibits inferior performance relative to the optimum chart. The PCI is the ratio between the EQL values of the particular chart and the optimum chart. PCI = 1 may be observed for the chart with minimum EQL value, while PCI > 1 for other charts. Some of the researchers used di erent versions of the above measures in their studies; for instance [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . As both RARL and PCI usually result in similar relative performance of the charts (cf. [30] ), hence, we are only concentrating on RARL for the rest of the study.
For the computation of these measures, we have used Monte Carlo simulations (for ARL) and numerical integration (for the other measures). The computational algorithm for these measures is given as: i) Generate random samples from any probability model; ii) Compute the sample statistics; iii) Set the control limits using the description given in Section 2; iv) Use steps (i)-(iii) to implement the procedural steps of ARL depending on the choices of and control chart multipliers (L, L t , L f , L if ) as de ned above in Section 2 (this results in ARL values); v) Based on the results of step (iv) for ARL as a function of , multiply ARL, divide range of values, and then integrate the output over the entire range using an appropriate numerical integration technique (like Simpson or Trapezoidal) (this results in EQL value); vi) Repeat steps (iv) and (v) for all the charts; and vii) Based on the results of step (vi), take the ratio of the ARL of a particular chart by the ARL of the benchmark chart (the usual one in this study), divide by the range of values, and then integrate the output over the entire range using an appropriate numerical integration technique (like Simpson or Trapezoidal) (this results into RARL value).
It is to be mentioned that the number of values determines the number of subintervals used by the numerical integration technique and with the increase in this number, one may obtain more precise results for these measures. For our study purposes, we have used Simpson's method of numerical integration. By varying the values of control chart parameters, ARLs are calculated for all the charts, followed by the computations of EQL and RARL using the algorithm provided above. In order to obtain these measures, 10,000 repetitions are used that provide the results with satisfactory relative standard errors (c.f. [23, [37] [38] [39] ). It is to be mentioned that the precision of the results may be increased by increasing the number of simulations, however, up to 5000 simulations may serve the purpose quite e ectively, as may be seen in the literature such as [40, 41] . In order to see the impact of smoothing parameter , the performance of NPAS, TNPAS, FNPAS, and IFNPAS charting schemes are investigated using the above performance measures for = 0:05 and 0:25. The summary of the run length characteristics including ARL, MDRL and SDRL of NPAS, TNPAS, FNPAS, and IFNPAS charts is reported in Tables 1-4 , respectively, for = 0:05 and 0.25. The relative standard errors of the results are found to be around 1.5% as checked by repeating the simulations. This is quite acceptable in control chart studies (for details, see [40, 41] ). The columns, corresponding to p = p 0 = 0:50 in Tables 1-4 , provide the run length characteristics of four charts when the process is assumed to be in statistical control. The process is said to be out-of-control for p 6 = 0:50. Control chart multiples L, L t , L f are L if also chosen as to give the same in-control average run length of 370 (i.e., ARL 0 = 370) to NPAS, TNPAS, FNPAS, and IFNPAS charts, respectively.
Comparison of run length characteristics of NPAS and TNPAS charts
In this section, we evaluate the performance of NPAS and TNPAS charts using the performance measures discussed earlier. The ARL results for the NPAS chart are in close agreement with the results reported in [18] , showing the accuracy of our simulation routines. [18] investigated the ARL behavior of his proposed NPAS chart only for = 0:05. The results in Tables 1  and 2 indicate that for small values of (which is most popular choice of EWMA charts), the ARL 1 of the TNPAS chart is signi cantly lower than the ARL 1 of NPAS chart, see, for example, when n = 10 and = 0:05, the ARL 1 = 47.30, 14.54 and 7.31 for TNPAS The performances of NPAS, TNPAS, FNPAS, and IFNPAS charts are also evaluated graphically by creating ARL curves, provided in Figures 1 and 2 , for the same values of n, p, ARL 0 , and as discussed in Tables 1-4 . It can be observed from Figures 1 and 2 that the di erence in the ARL curves of NPAS and TNPAS charts is larger for small value of (i.e., = 0.05). As the value of increases to 0.25, the di erence seems to be smaller. For = 1, we expect to see a similar performance of these two charts. The bene t of using the FIR feature can be easily seen here as the ARL curves of the FNPAS chart are consistently lower than the ARL curves of both NPAS and TNPAS charts, while the ARL curve of IFNPAS chart lies lower than FNPAS chart for every choice of n, p, and in general. Moreover, from EQL and RARL values provided in Table 5 , it is indicated that for every choice of n, p, and , the EQL values of IFNPAS chart are smaller than those of FNPAS chart followed by TNPAS and NPAS charts in general. Moreover, the values of RARL for IFNPAS chart are equal to 1, while these values are greater than 1 for other charts, justi ng the superiority of IFNPAS chart over other charts. This indicates that the FIR-based NPEWMA charts detect shifts in process target more quickly as compared to NPEWMA charts based on asymptotic or time-varying control limits.
Investigation of some additional features
In this subsection, we provide some additional investigations about di erent features of NPAS, TNPAS, FNPAS, and IFNPAS charts. These include the following: control chart coe cients at di erent ARL 0 values; run length characteristics of EWMA charts using FIR without the time varying feature; the e ect of parameter f on the performance of EWMA chart using FIR feature; and percentile points of the run length distribution for in-depth analysis.
Control chart coe cients at di erent ARL 0 values: We have considered ARL 0 =370 for the performance evaluation of all the EWMA charts. The similar results can also be obtained for the other values of ARL 0 . We have provided the control charts Figure 3 shows that L t = 3:615 approximately gives ARL 0 = 370 for TNPAS chart using n = 7 and = 0:25. Similar plots can also be created for NPAS and IFNPAS charts. Run length characteristics of EWMA charts using FIR without the time varying feature: In order to investigate the e ect of FIR feature without the time-varying factor, we have studied the run length characteristics of FNPAS chart without the timevarying factor. The resulting outcomes are presented in Table 6 at n = 7, 10 and = 0:05, 0.25 for ARL 0 = 370.
These choices are made for a valid comparison with the FNPAS chart using the time-varying run length characteristics provided in Table 3 . By looking at results of Tables 7 and 3 , we may observe that timevarying feature improves the performance of FNPAS chart as compared to the chart without time-varying feature at any value of n and . Run length characteristics of EWMA charts (using the FIR feature) at di erent levels of f:
To study the e ect of parameter f on the run length performance of EWMA charts using the FIR feature, we have obtained the run length results of FNPAS chart at n = 7 and = 0:25. These are provided in Table 7 . From these results, it can be observed that the performance of FNPAS chart is inversely related to the choice of f. It means that FNPAS chart shows better performance at small values of f as compared to the relatively larger values.
Percentile points of the run length distribution:
The percentile points of the run length distribution of NPAS, TNPAS, FNPAS, and IFNPAS charts are calculated and provided in Table 8 . Based on this table, we can also identify the superior performance of FNPAS and IFNPAS charts as compared to NPAS and 
Illustrative example
In order to illustrate the application of under-study charts, the same example is used here as was used earlier by [42] and [18] from [19] . The lling volume of soft-drink beverage bottles is an important quality Table 9 and plotted in Figure 6 . It can be observed from Figure 6 that the control limits of the TNPAS chart converge with the limits of NPAS chart as the number of samples increases, while the EWMA control limits of the FNPAS and IFNPAS charts are always narrower than the other two charts. We can clearly see that the FNPAS and IFNPAS charts have better detection abilities as compared to the other two charts as the out-of-control signal is detected at the 8th sample by the FNPAS and IFNPAS charts, at the 10th sample by the TNPAS chart and at the 12th sample by the NPAS chart. This simple example clearly shows the bene t of using the time-varying and FIR-based limits for the NPEWMA control charts as compared to the asymptotic limits.
Conclusions and recommendations
In this study, we investigated the performance of NPEWMA chart using asymptotic, time-varying, and FIR-based control limits. Computations have been performed using NPAS chart proposed by Yang et al. [18] ; these results can be generalized for the other nonparametric charts. The comparisons among under-study charts have been made on the basis of run length characteristics with some e ective performance measures. It has been observed that the ability of the NPEWMA chart to detect shifts in process target can be improved by using exact (time-varying limits) instead of asymptotic control limits, particularly for smaller values of smoothing parameter . The FIR feature has been also shown to contribute signi cantly to further increase the sensitivity of NPEWMA chart to detect shifts in process target. In future, this study can be helpful for quality practitioners to choose a more sensitive NPEWMA chart for monitoring process target.
The scope of this study can be extended to the design structures of other control charts such as mixed EWMA CUSUM [43] , combined Shewhart-EWMA [44] , Shewhart-CUSUM [45] , and double EWMA charts [46] . Moreover, these ideas may also be investigated for multivariate setups [47] .
